We explore the relation between topological and quantum mechanical entanglement. We first emphasize on the similarities and differences between these two concepts. Then we show that a proper context for making such a connection is via the braid group operators. We then provide some specific examples and calculate the entangling power of braid group operators. Although our results shows some pathways for further study, it also hints that such a relation may not exist at all.
I. INTRODUCTION
The purpose of this paper is to explore further the relation between topological entanglement and quantum entanglement which has recently been raised in some papers [1, 2] . A pure quantum state of a composite system AB ( a vector |Ψ in the tensor product of two Hilbert spaces H A ⊗ H B ) is called entangled if it can not be written as product of two vectors , i.e. |Ψ = |ψ A ⊗ |φ B . In this paper we consider the simplest entangled pure states which occur when H A and H B are two dimensional with basis vectors |0 and |1 , called a qubit in quantum computation literature. For brevity in the following we will not write the subscripts A and B explicitly. A general state of two qubits |Ψ = a|0, 0 + b|0, 1 + c|1, 0 + d|1, 1
is entangled provided ad − bc = 0. Thus entangled states are generic and disentangled states are rather exceptional. For higher dimensional Hilbert spaces and for more than two particle states, the condition ad − bc = 0 is replaced by more complicated equations [2] .
Following [1] we may ask if there is any relation between quantum mechanical entanglement (which is purely an algebraic question) and topological entanglement. Although there are some similarities between these two properties which suggest that there may be a close relation between these two concepts, there are also important differences which suggest that the relation is not a clear cut one and needs to be explored in many different directions before the question is settled. For example we can think of a disentangled state like |0, 0 as in Fig. 1 and an entangled state like 1 √ 2 (|0, 0 + |1, 1 ) as in Fig. 2 . In the same way that measuring one of the systems leaves the other system in a disentangled state, cutting a component in Fig. 2 leaves the other component in a topologically trivial state, an un-knot. More evidence is provided by Fig. 3 [2] , which provides an alleged topological equivalent for the so-called GHZ state [3] 
In this figure cutting any of the three component, leaves the other two components in an unlinked position, in the same way that measuring any of the three subsystems in the GHZ state, leaves the other two subsystems in a disentangled state. We can provide yet another example in this direction by Fig. 4 which may be a topological equivalent of the following state: If one measures one of the subsystems in this state in the {|0 , |1 } basis, the other two systems are projected onto an entangled state, in the same way that cutting out any of the components in Fig. 4 leaves the other two components in a linked position.
However there are many points of difference which we should take into account. Some of these are as follows:
1-The first is that the above conclusions are obviously basis dependent [4] . Suppose that we expand the GHZ state in terms of the x-basis {|+ , |− }, then it will acquire the following form:
This means that the same state should now correspond to Fig. 4 instead of (3). The same conclusion applies to the state (3) which written in the x-basis takes the form:
which now should correspond to Fig. 3 instead of Fig. 4 .
2-The second is that quantum entanglement should not change by local unitary operations. On the other hand we observe that the two states (2) and (3) are related to each other by the local action of three Hadamard matrices
This means that as far as quantum mechanical entanglement is concerned these two states belong to the same class. However as far as topological entanglement is concerned they are quite different (Figs. 3, 4 ). 3-In quantum entanglement we are interested in quantitative measures, that is we want to know if a state is more entangled than another state or less entangled. In fact physicists have defined good measures of entanglement for states (both pure and mixed) with well defined operational meanings at least for qubits. On the other hand in topology we are mainly interested in the equivalence classes of links or knots, that is we want to know if two different knots can be continuously deformed to each other or not. However a good sign is that in quantum information we have a notion of equivalence class for entangled states. That is two entangled states are equivalent if they can be converted to each other by local operations (unitary evolutions and measurements) and classical communications. If any relation turns out to exist between topological and quantum mechanical entanglement, it would be interesting to formulate the analogue of unitary operations and classical communications for link diagrams.
4-It is not clear how the number of components of a link corresponds to the number of vector spaces involved in the description of a state. For example one can imagine a highly nontrivial knot diagram with a large degree of topological entanglement which should correspond to only one state (since it has only one component). On the other hand a one particle pure quantum mechanical state can not have any type of entanglement.
5-Finally it is not clear how to distinguish topologically between a mixed and a pure state. In view of the above, one may seek to stand on a firmer ground and consider a simpler but related problem. That is we can look at knots and links as closure of braids which have a more direct correspondence with vectors, tensor product spaces and operators acting on these spaces. A braid operator R which produces braiding and linking when acting on topologically trivial strands produces a quantum mechanically entangled state |Ψ when it acts on a product state |ψ ⊗ |φ . It is then natural to seek for unitary braid operators and ask for their entangling power [5] , that is how much entanglement they produce on average when they act on product states. We can also ask this question when braiding operators act on density matrices. At least in two dimensions, when we are dealing with qubits, we can carry out this program completely. There is now a complete classification [6, 7] of braid operators (which are obtained from solutions of the Yang-Baxter equation) acting on two dimensional spaces from which we can separate out the unitary solutions. There are also well established criteria and measures of quantum mechanical entanglement for both pure and mixed state of two qubits. The structure of this paper is as follows. In Sec. II we list all the unitary braid operators obtained from solutions of the Yang-Baxter equation in two dimensions. In Sec. III A after introducing measures of entanglement for pure states, we compute the entangling power of all these braid operators. In Sec. III B we first introduce the criteria of separability and measures of entanglement of mixed states and then study how these braid operators affect separability and entanglement of some typical mixed states. We end the paper with a conclusion in Sec. IV.
II. UNITARY SOLUTIONS OF YANG-BAXTER EQUATION IN TWO DIMENSIONS
Let V be a vector space. A braid operator R acting on V ⊗ V is a solution of the following equation which is a relation between operators acting on
where the indices indicate on which of the three spaces, the operator is acting non-trivially. This equation has a direct topological interpretation known as the third Reidemeister move in knot theory. Any solutionR of the Yang-Baxter equationR
provides a braid operator R by the simple relation R = PR where P is the permutation operator P |i, j = |j, i . When the vector space V is two dimensional, the solutions of Yang-Baxter equation have been classified up to the symmetries allowed by the equation [6, 7] . From these solutions we can select those solutions of the braid group equation which are unitary. There are only three such solutions which we designate as follows:
where the complex parameters a, b, c, and d are pure phases, i.e. |a| = |b| = |c| = |d| = 1. Note that in 2 dimensions there are in total 11 different invertible R matrices, but only three of them are unitary which are as above.
The first of these solutions can be generalized to arbitrary dimensions, in the form R ij,kl = M ij δ il δ jk , where |M ij | = 1. We do not know of any generalizations of the other two solutions.
III. ENTANGLING PROPERTIES OF YANG-BAXTER MATRICES
A. Pure States
Consider a pure state which is not entangled, that is a state which can be written as a product state:
A braid operator R turns this state into a state:
The resulting state will be disentangled if and only if αδ − βγ = 0. In fact the parameter:
called the concurrence, is a measure of entanglement of the state |Ψ . It varies from 0 for a product state to 1 for a maximally entangled state like
(|0, 0 + |1, 1 ). Another measure of entanglement for the pure state |Ψ is given by the von Neumann entropy of the reduced density matrix ρ A :
where λ ± are the eigenvalues of the density matrix ρ A , and ρ A := tr B (|Ψ Ψ|). Note that we could have used ρ B instead of ρ A leading to the same result. A straightforward calculation gives the following simple expression for the eigenvalues:
where C is the concurrence of the state |Ψ and given by (12) . Since E(Ψ) is an increasing and convex function of the concurrence [8] , the concurrence itself can also be taken as a measure of entanglement. Once the entanglement of a generic state R|φ ⊗ |ψ is calculated, one can calculate the so-called entangling power of the operator R by averaging this entanglement over all input product states [5] :
In view of the equivalence of entanglement and concurrence, we can define the entangling power of R alternatively as follows:
Now let us calculate the entangling power of the three braid operators given in (9) . For the first braid operator we will present the calculation in detail, and only state the results for the other braid operators. From (10) we have:
The concurrence of this state is obviously given by:
With the standard parameterization of qubits, |φ = cos
and |ψ = cos
we find
From which we find the entangling power of the first braid operator R:
Thus the entangling power of the braid operator R is directly proportional to a single parameter of this operator, namely the parameter |ad − bc|. Since a, b, c, and d are pure phases, we can paramterize them as a = e iα , b = e iβ , c = e iγ and d = e iδ which allows us to rewrite the entangling power as:
where ∆ = α + δ − β − γ. This then means that the entangling power of a braid operator of the form R is at most equal to
, which is the entangling power of the CNOT operator (CNOT|s, s ′ = |s, s + s ′ (mod2) ), identified as a perfect entangler in [9] . Here we meet a surprise. If there is any direct relation between topological and quantum mechanical entanglement, one expects intuitively that powers of a braid operator to have greater entangling power than that of the braid operator itself. We remind that the closure of a braid R n has a higher linking number than R m if n > m, Fig. 5 . However it is quite simple to repeat the above calculations for R 2 and in general for R n . The result is:
from which we obtain:
which exhibits the oscillatory behavior of entangling power in contrast to our topological expectation. One may argue that the powers of a braid operator need not be a nontrivial braid operator matrix anymore as is the case for example for the permutation matrix (a = b = c = d = 1) whose square is the identity matrix and hence has no braiding property. The point is that the odd powers of the first R matrix in (9) is certainly a legitimate nontrivial braid operator as the reader can easily verify and yet it may have no entangling property as discussed above. This curious property happens more or less for other braid operators as well in (9) . We now state without further calculations the results for the second braid operator R ′ given in (9) . For this case we have:
and
whose maximum is again equal to
16 . For the last braid operator R ′′ we obtain:
This concurrence can be rewritten as:
The entangling power of R ′′ calculated numerically turns out to be:
Thus this last braid operator has the maximum entangling power and like CNOT, lies in the class of perfect entanglers [9] .
B. Mixed States
If a state is mixed then it is expressed by a density matrix ρ. Such a state is disentangled (or separable) having no quantum correlation between the two parts, if it can be written as:
B 's are density matrices, i.e. hermitian positive semi-definite operators with unit trace. In general it is very difficult to characterize separable states in the space of all states and despite intensive work very few results have been obtained in this direction. A necessary condition for a state to be separable has been given in [10] which states that a separable density matrix when partially transposed (transposed in only one of the factors) still remains a density matrix. This criterion has been proved to be a sufficient one only for 2 × 2 and 2 × 3 dimensional systems [11] . There are even good measures of entanglement which can quantify the amount of entanglement in a mixed state. For density matrices of two qubits, there is now a closed expression for the measure of entanglement. It has been introduced by Wootters and Hill in [8, 12] and is directly related to the entanglement of formation of such a mixed state. It is again called concurrence, C, and is given by:
where λ 1 to λ 4 are the eigenvalues of the following matrix in decreasing order:
σ 2 is the second Pauli matrix and ρ * is the complex conjugate of ρ in the computational basis. Equivalently λ i 's can be taken to be the square root of eigenvalues of the matrix ρρ. We can study the effect of the R matrices in (9), by studying some well known mixed states whose separability properties are easy to determine. Let us consider the following density matrices which represent different mixtures of states. The first one is a mixture of completely mixed state and a singlet |ψ =
By testing the positivity of the eigenvalues of ρ tB a , one can see that this density matrix is separable for all values of x ≤ 1 3 [10, 13] . The second one has been introduced by Gisin [14] :
where |φ = a|01 + b|10 . This state is separable as long as x ≤ 1 1+2|ab| . Finally the third state is:
with the same |ψ as given in the definition of ρ a . This state is separable only when x = 0. We now proceed to calculate the transformed density matrices. For the first R matrix we have the following:
When one partially transposes this matrix one obtains:
This matrix has the same eigenvalues as ρ tB a , hence it is separable exactly when ρ a is separable and the action of the braid operator R has not changed the entanglement of this state. Now it is easy to do this calculation for the other states ρ b and ρ c . The result is that the braid operator R does not change the separability of any of these states either. The same result holds for the other braid operator R ′ . So none of the braid operators R and R ′ change the entanglement of any of the above three mixed states. The only braid operator which changes the entanglement of these mixed states is R ′′ , for which we have:
whose partial transpose is always positive and hence is separable. Thus by one stroke this braid operator disentangles the state ρ a for all values of x. The effect of this braid operator on the state ρ b in (34) is:
The eigenvalues of the partially transposed matrix (
, which shows that the resulting density matrix is separable when x ≤ . .
The partial transpose of this matrix has eigenvalues 1−x 2 , 1−x 2 and 1 2 (x ± x 2 + (1 − x) 2 ) which shows that the partially transposed matrix has one negative eigenvalue unless x = 1. Thus the density matrix ρ c which was separable only when x = 0, after the action of R ′′ is separable only when x = 1. Thus this braid operator is a perfect entangler.
IV. CONCLUSION
Following a suggestion by Kauffman and Lomonaco [1] we have studied the relation between topological and quantum mechanical entanglement. We have pointed out the basic differences and similarities between these two concepts and substantiated our arguments by specific examples quantitatively. In particular we have calculated the entangling power of all unitary solutions of braid group equation in two dimensions. Our results suggest that at the level of knots and links we have provided examples which clearly shows that there is no direct and simple relation between topological and quantum mechanical entanglement. However we have shown that there may be some room, to be explored further, for the connection between braid operators which produce topological linking and at the same time produce quantum mechanical entanglement. 
